The finite element method was employed to model the simultaneous heat and mass transfer in cylindrical samples of banana during convective drying. The Arbitrary Lagrangian-Eulerian (ALE) approach was implemented to incorporate the axial and radial shrinkage effects in the FEM model. The results showed that the FEM model was satisfactorily able to predict the moisture content (R 2 > 0.97) and core temperature (R 2 > 0.98). Therefore, the proposed model can be used as a promising tool to optimise the drying process of banana from quality and efficiency points of view. Also, the model can be easily extended for drying of similar products with cylindrical shape.
Introduction
Banana due to high moisture content is very perishable and hence after harvesting it is subjected to fast deterioration. To reduce its moisture content and consequently prolong its shelf life, different drying techniques were used. Among them, the hot air drying under forced convection is the most common drying method for drying of different foodstuffs and vegetables (e.g. tomatoes, [1] parsley, [2] and bananas). [3] However, agricultural products with a such high moisture content often crumble irregularly during drying. This phenomenon (stated as shrinkage) is frequently observed for some fruits such as banana, occurred when the moisture gradient within the products induce microstructural stresses to the grid structure of the tissue previously occupied by water which leads to contract and consequent collapse. [4] Shrinkage affects the heat and mass transfer rate during the drying process due to reduction of product surface area [5] and shorten the water diffusion path inside the products. [6] [7] [8] It also has some side effects on the final quality of the dried material and, in turn, its marketability. [9] Therefore, shrinkage must be included into the mathematical model for accurate predictions of the product temperature and moisture content during drying. [10, 11] Based on our literature review, the early convective drying kinetics of ripe bananas were studied by empirical models and diffusion models as a whole fruit form, [12] [13] [14] and sliced form. [15] [16] [17] However, these models had the drawback of ignoring the effect of shrinkage. Besides, although the empirical models are easy to use in engineering applications, their use is restricted to particular process conditions which are used to identify the model parameters. [18] Neglecting the shrinkage effect, a mathematical model was developed for prediction of moisture content and temperature of banana during vacuum and far infrared radiation drying. [19] Also, Karunasena et al. [20, 21] studied product shrinkage during drying based on microstructural analysis.
In general, the drying process can be studied by solving two main partial differential equations (PDEs) (Fourier law and Fick's second law); which express the heat and mass transfer phenomena during drying. Both analytical and numerical approaches can be used to solve these equations depending on problem complexity. [22] These equations are nonlinear and conjugated to each other since the thermophysical properties of the product are dependent on both the temperature and the moisture content. Incorporating the shrinkage in the drying models makes them even more complex as they cannot be solved by analytical methods. There are some studies on drying of bananas [10, 23, 24] and other fruits [25, 26] considering the product shrinkage in the drying model. However, they assumed that the moisture diffusion occurred under isothermal conditions. With this simplification, the heat transfer equation is removable and the solution of only mass transfer equation suffices to describe the drying process. The finite element method (FEM) as a numerical technique is available to accurately solve complex engineering problems that are not solvable by analytical methods or require costly experiments to arrive at an acceptable solution. [27] By accounting the shrinkage in the heat and mass transfer equations, the resulting systems of coupled nonlinear PDEs must be solved under the moving boundary conditions. This problem can be solved by FEM coupled to the Arbitrary Lagrangian-Eulerian (ALE) procedure. The ALE is developed based on the advantages of both the Lagrangian and the Eulerian approaches in which the nodes of computational mesh may be moved with the continuum in normal Lagrangian manner or be held fixed in the Eulerian fashion or be moved in some arbitrarily specified way to give a continuous rezoning capability. [28] For more information and detailed discussion on the ALE approach, the reader is referred to the works of Taciroglu et al. [29] and Anahid and Khoei. [30] The ALE was successfully implemented for simulation of the drying process of some shrinkable products. For example, Aprajeeta et al. [31] developed a one-dimensional model to study the behaviour of potato slabs during convective drying. They carried out some experiments for their model validation. Curcio and Aversa [32] formulated a model based on coupling of mass, heat and momentum transfers, and the ALE approach to estimate the product shrinkage during drying. Another numerical study was performed to describe convective drying of prunes. [33] He also considered the prune as a composite of two different materials (flesh and stone) and used the FEM coupled to ALE to account the shrinkage of products in the model. These models, however, were developed by the assumption of one directional shrinkage effect.
In this study, the ALE formulation was implemented to describe the shrinkage of bananas as well as the moisture content and the temperature during drying. The objective of this study was to simulate the convective drying of banana slabs including the effects of both radial and axial shrinkages using a coupled 2D axisymmetric heat conduction and moisture diffusion model with the nonlinear finite element method and ALE approach. Subsequently, the FEM model was verified through comparing its predictions with experimental data under different drying conditions. The outcome of this study can be used for accurate prediction of temperature and moisture content distributions inside bananas under different drying conditions.
Materials and methods

Sample preparation
Ripe bananas (var. Cavendish) were purchased from a local market in Mashhad (Khorasan Razavi Province, Iran). They were hand peeled, and then cut (in the radial orientation) into slabs of 5 mm thickness and approximate diameter of 30 mm, using a slicing machine. About 70 grams of banana (around 20 samples) were used for each experiment. The moisture content of samples before drying was determined by the oven drying method at 105°C for 48 h. [34] The initial moisture content of banana was 79% wet basis.
Drying experiments
Drying experiments were carried out in order to obtain the shrinkage pattern and validation of the FEM model. A convective dryer was used to dry the banana samples from the initial moisture contents of 79% (wet basis) to the equilibrium moisture content in which there was not any net moisture exchange between the samples and the drying air. Then, the moisture ratio (MR) of banana samples was calculated using the following equation: [35] MR
where MR, M t , M 0, and M e are the moisture ratio, the moisture content at specific time (t), the initial moisture content, and the equilibrium moisture content, respectively. The moisture content values are in dry basis. A computer controlled dryer were used to perform drying experiments. The details of dryer can be found in the work of Nadian et al.. [36] Banana samples were dried in different drying air temperatures i.e. 80, 90, and 100°C. All experimental runs were performed in triplicate.
Moisture and temperature profiles
The moisture content evolution of banana samples during drying was obtained real time by the gravimetrical method using the A&D digital balance with accuracy of 0.01 g. A digital thermometer (TM-947SD, Lutron Electronics Co., Inc.) consists of a data logger with four K-type thermocouples were used to measure temperature changes inside the banana samples (three samples) and also the drying air within the dryer. The thermocouples were placed in the geometric centre of the banana samples. The thermometer was set to save temperature values during drying with 30 s intervals.
Shrinkage measurement
The image processing technique was used to determine area shrinkage of banana samples. The images of samples were taken with a Nikon Coolpix P510 digital camera (Nikon Inc., Japan) at time intervals of 30 s during drying. A program was written in MATLAB software to measure the surface area changes of banana samples. The Eq. (2) was used to calculate the radial shrinkage (R sh ) of banana samples. The axial shrinkage (A sh ) was also determined experimentally by measuring the evolution of sample thickness using Eq. (3). The radial and axial shrinkages as a function of moisture ratio were used as the changes in domain boundaries in order to define the moving mesh in the FEM model.
where, A t , A 0 , Z t, and Z 0 are the surface area at time t (m 2 ), initial surface area (m 2 ), half of thickness at time t(m), and half of initial thickness (m), respectively.
Governing equations
Drying of banana samples accompanies with different transfer phenomena such as; moisture diffusion from the inner layers of banana to the outer surface, convection heat transfer between food and drying air, conductive heat transfer within the banana, evaporation of diffused water in the interface of samples and medium. [33] If the shrinkage effect is considered, these transfer phenomena may affected with structural changes of banana samples simultaneously. The schematic view of above mentioned phenomena are shown in Fig. 1 .
Heat and mass transfer equations
The general form of heat transfer equation for a cylindrical banana sample can be derived from Fourier's law as follow:
where ρ, C p , k, r, z, and t are density (kgm
), specific heat (Jkg
, banana radius (m), banana thickness (m), and drying time (s), respectively. It was assumed that the moisture transfer occurs only by diffusion inside the banana therefore, Fick's law was used for expression of mass transfer as follow:
where ρ s and D eff are the density of the solid product (kgm ), respectively.
Initial and boundary conditions
It was assumed that the temperature and moisture concentrations of banana before drying were uniform and equal to T 0 and C 0, respectively. Hence, the initial conditions for Eqs. (4) and (5) can be written as:
There are no concentration and temperature gradients at the centreline of banana samples during drying. Hence, the symmetry boundary conditions were applied for Eqs. (4) and (5) as:
A part of the heating energy of the hot air during drying is consumed for evaporation of water at the banana surface while the remaining is conducted into the banana sample to raise its temperature. Therefore, the second boundary conditions for heat transfer equation can be written by heat balance at the air-sample interface as follow:
À kðÑT:nÞ ¼ h t ðT air À TÞ À λD eff ρ s ðÑC:nÞ t > 0 for Γ2 and Γ3 (8) where n is the unit normal vector pointing outward from the boundaries. The last term in Eq. (8) refers to the heat for water evaporation at the surface, where
) is the water latent heat of evaporation, given as a function of temperature by the following equation: [37] λ
The second boundary conditions relative to the mass transfer equation which applied to the external surfaces are based on the balance between the diffusive water coming from the core of banana and the moisture leaving the product through the airflow:
The effective mass diffusivity (D eff ) was obtained from the moisture ratio data, using the slope method. [38] An Arrhenius type function was used to relate this parameter and drying temperature using the following equation: [39, 40] 
where D 0 , E a , R g, and T are the pre-exponential Arrhenius factor (m ), and the drying temperature (K), respectively.
Model parameters
The thermophysical properties of banana as a function of moisture content and temperature are needed for accurate solution of heat and mass transfer PDEs. These properties (i.e. density, specific heat, and thermal conductivity) were obtained using the equations based on the properties of product composition (i.e. water, carbohydrate, fibre, fat, protein, and ash). They were obtained experimentally as a function of their temperatures. [37] This method was used by others for several products such as papaya, [41] prune, [33] and barely grain. [42] The summary of this method and the calculated parameters are shown in Table 1 . The convection heat transfer coefficient h t (Wm
) was obtained by the correlation considering the process parameters using the following equations: [43, 44] 
Nu ¼ 0:23Re 0:8 Pr 0:4
where ρ a , ν, µ, and d are the air density (kgm −3 ), air velocity (ms −1 ), air viscosity (kgm −1 s −1 ), and banana sample diameter (m), respectively. The mass transfer coefficient, h m (kgm
), was determined based on the heat transfer equation according to: [45] 
where C pa , α a, and D w are the air specific heat (Jkg ), respectively.
Development of the FEM model
The mentioned nonlinear partial differential equations (PDEs) describing coupled heat and mass transfer in convective drying of banana were solved by the finite elements method using a commercial software (COMSOL Multiphysics, version 5.1.). Duo to the axisymmetry of the banana slabs, only one quarter of planer intersection was considered in the simulation (Fig. 2a) . Therefore, a rectangle with length of 15 mm and width of 2.5 mm was created in COMSOL for numerical solution. In a 2D axisymmetric model (Fig. 2b) , the coordinate origin represents the centre of banana slab, the boundaries Г2 and Г3 represent the surface of banana, but the boundaries Г1 and Г4 represent the axisymmetric and symmetry lines inside the sample, respectively. The domain was discretised into 678 triangular elements leading to 4419 degrees of freedom. The mesh was finer close to the boundaries Г2 and Г3, which exposed to the drying air. Two modules of COMSOL i.e. Heat Transfer in Solids and Transport of Diluted Species were used to handle the heat and mass transfer problem, respectively. Besides, the Arbitrary Lagrangian-Eulerian (ALE) approach was incorporated in the model using the Moving Mesh module in order to account both radial and axial shrinkages that occurred during drying. The drying simulation was performed with time step of 30 s up to 32000 s.
Validation of the FEM analysis
The mean relative error (E%) between the predicted and experimental values was calculated for validation of the numerical analysis using the following equation: [46, 47] Eð%Þ ¼ 100 n
Experimental value À predicted value j j Experimental value (16) Results and discussion Figure 3 shows the variations of radial shrinkage (R sh ) and axial shrinkage (A sh ) of banana samples versus moisture ratio during drying. It can be found from the figure that banana samples experience different shrinkage in axial and radial directions. Therefore, the assumption of isotropic shrinkage is not anymore valid and hence the models based on this assumption are not trustworthy for predicting the behaviour of banana slabs during the drying process. It was also found that both shrinkages (radial and axial) take place almost in linear pattern for all drying air temperatures. Furthermore, less shrinkage occurs in both radial and axial directions, as the drying temperature increases. This finding is in agreement with the works of others for banana, [23] hawthorn fruit, [48] and pomegranate arils. [49] Reducing the radius and thickness of banana during drying as a function of local moisture content are presented in Table 2 . The fairly high coefficients of determination show the validity of the linear functions. The linear relation between product shrinkage and moisture content were reported by others for different products such as potato, [31] apple, [50] and carrot. [51] To incorporate shrinkage in the FEM model, the functions presented in Table 2 were used to define the moving mesh in the FEM model through the ALE approach. Figure 4 shows the experimental and predicted drying curves of banana with different drying air temperatures. As it can be seen in the figure, the water removal is expedited as the drying temperature increases. This behaviour is due to the strong dependence of the effective moisture diffusivity on temperature. Actually, increasing the difference between medium and product temperature leads to a higher heat flux and in turn increases the effective moisture diffusivity. [52] The figure also demonstrates that the experimental data and the predicted values are in good agreements. The statistical comparisons of these curves were performed by fitting a line between the predicted and experimental moisture ratios in the form of Mr pred = A × Mr exp + B, where A and B are constants (Table 3) . By plotting the mentioned equations, it could be concluded that the predicted and experimental values are closely around a straight line. However, to avoid prolongation of paper, these graphs were not presented. The suitability of the model for different air temperatures can be confirmed by the high coefficients of determination (R 2 > 0.97). Also, the mean relative error (E%) ranged between 5.48-9.86% which is in the acceptable range (E% < 10) according to.
[53] Figure 5 shows the temperature distributions of banana samples at different elapsed times. This figure also exhibits the progress of shrinkages of banana slabs during drying in axial and radial directions. In this figure, the evolution of temperature inside the banana slabs is reported only for the air temperature of 100°C; the other drying temperatures had similar trends. As it can be seen in the figure, the temperature inside the banana varies in both radial and axial directions. An obvious temperature difference between the surface of banana and the drying air temperature is seen, which is relatively high during early stages of drying. This might be due to the evaporation of water from the surface of banana slabs, as it is an endothermic process. In other words, at the early stage of the drying process, the moisture at the surface of banana consumes most of the receiving heat for evaporation and hence less heat conducted to the inner part of sample. As the drying proceeds, more heat transfers to the inside of banana and hence it gradually warms up and gets closer to the drying air temperature. It was found that the temperature gradient inside the banana decreases rather rapidly over the drying time. It can also be concluded that the right side of the domain (Γ3) has higher temperature than its top side (Γ2), while both of them are in touch with the medium. This can be explained by this fact that the width of domain is very smaller than its length. Therefore the temperature distribution in axial direction is more uniform than radial direction. This can also be confirmed with moisture distribution that was shown in Fig. 7 .
The variation of measured and predicted temperatures in the geometrical centre of banana sample is shown in Fig. 6a . A good agreement between the simulated and measured data can be seen in the figure. However, a slight deviation between measured and predicted temperature is seen in the early stages of drying (t < 1000 s) which is shown in Fig. 6b . It seems to be caused by assumption of a constant diffusion coefficient that is practically higher in the early stages of the drying process. The statistical comparisons of the measured and predicted temperatures were performed by a similar method for moisture ratio, which is shown in Table 4 . It is seen that, the FEM could successfully predict the temperature at the centre of banana slabs during drying. The mean relative error (E%) for the temperature estimation was in the range of 1.21-1.96%. As the mean relative error for estimation of the temperature and the moisture ratio are in the acceptable range hence, it can be concluded that introducing the thermo physical properties of biomaterials e.g. banana as function of temperature and moisture content is an encouraging idea for accurate simulation of the drying process. Figure 7 demonstrates the evolution of predicted moisture distribution inside the banana samples during drying. It shows the half top cross section of banana samples in a 3D view. This was obtained by rotation of the calculated domain (Fig. 2b) around the axisymmetric line. Changes in shrinkage of banana samples are also clear in this figure. As shown in the figure, the moisture content decreases gradually with elapse time, but at each step, there is only a very small amount of moisture at the surface of banana due to the rapid evaporation of surface water. While at the same time, the gradient of moisture concentration makes the migration of internal moisture to the outer surface. However the diffusion of the internal water to the outer surface is much slower due to the effect of internal mass transfer resistance. [54, 55] Therefore, it can be concluded that the drying process of banana is controlled by the diffusion and takes place entirely in the falling rate period as shown previously in Fig. 4 .
In general, our FEM model could successfully predict the temporal and spatial evolutions of moisture and temperature during drying of banana with various conditions. It is well known that the quality attributes of banana are affected by both temperature and moisture evolutions. Therefore, the proposed model can be a useful tool for design and optimisation of the banana drying process even in industrial scale to achieve dried banana with desired quality. Besides, the proposed model can be easily extend for various agricultural products with cylindrical shape or similar heat and mass transfer process such as cooking, roasting etc.
Conclusion
The FEM were coupled to ALE in order to solve transit heat and mass transfer PDEs describing drying of banana slabs including the shrinkage effect. The model developed and verified in this study enables the prediction of temperature and moisture concentration inside the banana samples under different drying conditions. The predicted data was found to be in good agreement with experimental data. Therefore, this model can be used in order to analyse and optimise the drying process of banana. Also, the developed model can easily be extended for other agricultural products with cylindrical shape. 
